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Abstract. In these notes we offer an overview of the theory of
groups having periodic cohomology. With this purpose the first
sections are devoted to basic group cohomology, emphasizing the
topological aspects of the theory. We offer no new material and so
there are no proofs of the statements. Instead we offer references
where the interested reader can go deeper in the theory. Some
familiarity with basic notions of algebraic topology and module
theory are taken for granted
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1. Introduction

In general terms group homology and group cohomology are functors
H∗(−), H∗(−) from the category of groups (and homomorphisms of
groups) GP to the category of abelian groups (and homomorphisms of
abelian groups) AB.

GP
H∗(−)

H∗(−)
//

##

AB

T OP

;;

These functors can be constructed in purely algebraic terms or by
means of certain functors from the category GP to the category T OP
of topological spaces (and continuous functions). In this first section
we will recall these functors and in later sections we will define the
algebraic approach from group (co)homology.

1.1. (Co)homology via aspherical spaces. A path-connected X is
called aspherical if all its higher homotopy is trivial, that is πnX =
0, ∀n ≥ 2.

Theorem 1.1 (Hurewicz, ’36, [9]). The homotopy type of an
aspherical space is totally determined by its fundamental group
π1X.

In particular, for G = π1X, this theorem states that the homotopy
invariants of X can be thought as invariants of G. In particular, ho-
mology, cohomology and the Euler characteristic of X depends only on
G and thus one can speak of the homology groups of G. An aspheri-
cal space X is also called an Eilenberg-MacLane space of the type
K(G, 1) and we define the homology and cohomology of the group G
as

H∗(G,R) = H∗(X,R), H∗(G,R) = H∗(X,R),

where the right side in both equations is cellular or singular (co)homology
with coefficients R. Note that since X is determined by G, this defini-
tion does not depend on the space X.

A question arises at this point is it always possible to consider any
group G as the fundamental group of certain space X? The following
theorem says that we can.
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Theorem 1.2 (Eilenberg-MacLane, ’53). For every group G
there exists an aspherical CW-complex X such that G = π1X.

This result is Corollary 1.28 in Hatcher’s book [6] and is obtained as
an application of the Seifert-Van Kampen Theorem on cell complexes.
As a consequence of this theorem, the definition of H∗(G) above can
always be performed for any group.

The theorem above can be considered as a way of assigning to any
group G the space K(G, 1) and it can be proved that for a homomor-
phism φ : G→ H there exists a continuous map h : K(G, 1)→ K(H, 1)
such that the homomorphism induced on homotopy groups coincides
with φ (see Section 2.5 in [2]). Thus if consider an isomorphism φ :

G
∼=−→ H then the map h : K(G, 1)→ K(H, 1) is an homotopy equiv-

alence. All this makes evident that the association above is functorial:

GP −→ T OP , G 7−→ K(G, 1)

From the definition of group (co)homology above one can easily check

H0(G;Z) ∼= Z, H1(G;Z) ∼= Gab = G/[G,G],

where Gab is the abelianization of G, that is, the quotient by [G,G],
the commutator subgroup of G. The group H2(G) = H2(G;Z) was
identified by Hopf ([8]) as an obstruction for the Hurewicz map hn :
πn(X) → Hn(X) to be an isomorphism in dimension 2 by showing an
exact sequence

π2(X)
h2−→ H2(X) −→ H2(G) −→ 0

The identification of H1(G) as a quotient by the commutator is one
of the Hop’fs formulae, the second is

H2(G) =
R ∩ [F, F ]

[R,F ]
,

for a short exact sequence 1 → R → F → G → 1, with F free; that
is, from a presentation of G in terms of generators and relations. See
Section 2.5 of [4].

Example 1.3. Consider a connected finite graph Γ. Contracting its
maximal tree this graph becomes a wedge of circles (see Example 1.22
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in [6]). Therefore π(Γ) is a free group and Γ is a K(π1(Γ), 1)

Hq(π1(Γ)) = Hq(Γ) =


Z, q = 0

Zr, q = 1

0, q ≥ 2

where r is the number of edges of Γ that do not belong to the maximal
tree.

Example 1.4. The first K(Z, 1) space one meets at a first course in
(algebraic) topology is S1. Thus, the homology of Z is given by

Hq(Z) = Hq(S
1) =


Z, q = 0

Z, q = 1

0 q ≥ 2

(This can also be done as a particular case of the first example)

Example 1.5. From the functorial properties mentioned early, a K(G×
H, 1) space can be constructed as the product K(G, 1)×K(H, 1). Thus
the torus T 2 = S1 × S1 is of the type K(Z×Z, 1) and the homology of
the product Z× Z is given by

Hq(Z× Z) = Hq(T
2) =


Z, q = 0

Z× Z, q = 1

Z, q = 2

0 q > 2

Example 1.6. If we consider the space X given as the wedge of r
circles then G = π1X is a free group Fr on r generators and πnX =
0,∀n ≥ 2. Then

Hq(Fr) = Hq(X) =


Z, q = 0

Zr q = 1

0 q ≥ 2

Example 1.7. Let P∞ be the infinite-dimensional real projective space
defined as the quotient of the infinite-dimensional sphere S∞ by the
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antipodal Z2-action. Moreover, since S∞ is contractible it follows that
P∞ = K(Z2, 1) (see [6], Section 1.B). Thus one has

H∗(Z2) = H∗(P∞) = Z[α]

where α has dimension 1.

As mentioned on the last example, the property of being aspherical
can be stated in terms of the contractility of a covering of the space.
We will recall this property on Section 2.2 devoted to resolutions.

1.2. Via classifying spaces. Let G be a topological group. Recall
that a principal G-bundle over B is a fiber bundle E → B where each
fiber is homeomorphic to G. There is an obvious functor PG(X) which
assigns to every CW-complex X the set of principal G-bundles over X.
This functor is representable meaning that there exists a CW-complex
BG such that there is a bijection

[X,BG] ∼= PG(X),

where the left side is the set of homotopy classes of maps X → BG.
This space can be constructed using the Milnor’s construction
([13]) which provide a universal principal G-bundle EG→ BG, where
EG is a contractible space where G acts freely and BG = EG/G. If
the group G is discrete then the space BG is an Eilenberg-MacLane
K(G, 1) with universal cover EG (Theorem 2.4.11 in [3]). This con-
struction is functorial in the sense that for a group homomorphism
φ : G→ H there is a map h : BG→ BH whose homomorphism at the
level of fundamental groups gives φ. As happened in the last section
the space BG is unique up to homotopy equivalence 1. We just have
considered the functor

GP −→ T OP , G 7−→ BG

We finally consider the homology and cohomology functors for spaces
to define

H∗(G,R) = H∗(BG,R), H∗(G,R) = H∗(BG,R)

1The construction of the G-bundle EG→ BG produces an infinite dimensional
space and BG has an infinite number of cells in each positive dimension if G is
infinite. For example BZ is much bigger than S1, which is a more efficient model
for computations.
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Example 1.8. For G = 1, the trivial group, the one-point space {pt}
is a model for BG. Thus

H∗(1) = H∗({pt}) =

{
Z, ∗ = 0

0, ∗ > 0

as one knew.

Example 1.9. Let G be the cyclic group Z2 = Z/2Z, then BG = P∞

and one has
H∗(Z2) = H∗(P∞) = Z[α], |α| = 1,

as it was mentioned in the last section.

Example 1.10. Let M be a oriented, closed, connected surface of genus
g ≥ 1 and note M is a model for Bπ1(M). Thus we have

Hq(π1(M)) = Hq(M) =


Z q = 0, 2

Z2g q = 1

0 q > 2

Example 1.11. For G = Zp, with p odd, the classifying space BG is
the infinite lens space and

H∗(Zp) = H∗(BG) = Λ(x)⊗ Fp[y]

the product of an exterior algebra and a polynomial algebra with |x| =
1, |y| = 2.
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2. Resolutions

In this section we introduce the basic objects needed to give an alge-
braic approach to group (co)homology, the free and projective resolu-
tions of a module. This object has the purpose of replacing an object
(a module) by a sequence of objects (free or projective modules) that
are easy to understand.

2.1. Group rings. The group ring of a group is a way of associating a
ring to a group. In general terms, this ring can be considered as many
copies of Z as the cardinality of G. The (integral) group ring ZG
of a group G is the free abelian group generated by the elements of G
as basis; that is, it consists of formal expressions∑

λigi, gi ∈ G

with λi = 0 for almost all λi ∈ Z. It has the structure of a ring since
the multiplication on G induces the operations ·,+ : ZG×ZG −→ ZG,
given by ∑

i

λigi +
∑
i

ρigi =
∑
i

(λi + ρi)gi,

(
∑
i

λigi) · (
∑
i

ρigi) =
∑
i

(
∑

gjgk=gi

λiρi)gi

Note (ZG,+) is an abelian group with
∑

0gi as identity element.
Moreover, it follows easily that (ZG,+, ·) is a ring. For every gi ∈ G
we can write

gi =
∑

λigi

by puttting λi = 0 for i 6= j and λj = 1, that is, G is contained in ZG as
subgroup. Moreover, if G is not abelian then ZG is not commutative.

The group ring has the following universal property which charac-
terizes it.
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Theorem 2.1 (Universal Property of Group Rings). Let R be
a ring with 1R and ϕ : G → R a function such that ϕ(1) =
1R, ϕ(gigj) = ϕ(gi)ϕ(gj). Then there exists a unique ring homo-
morphism φ : ZG→ R such that the following diagram commutes

G //

ϕ
!!

ZG
φ
��
R

where the horizontal map is the natural inclusion.

Example 2.2. For G the trivial group one has ZG ∼= Z, that can be
checked direct from the definition.

Example 2.3. For the cyclic group G = Z/n =< τ > the powers
1, τ, . . . τn−1 form a Z-basis for ZG. Since τn = 1 we have

ZG ∼= Z[τ ]/(τn − 1)

Example 2.4. If G is the infinite cyclic group with generator τ , the
ring group ZG has as basis the set of Laurent polynomials

∑
i∈Z aiτ

i

where ai ∈ Z with ai = 0 for almost i. Notation: ZG = Z[τ, τ−1].

Consider the function ϕ : G→ Z, g 7→ 1. From Theorem 2.1 there is
a unique ring homomorphism ε : ZG → Z called the augmentation
homomorphism; note ε(gi) = 1 and ε(

∑
λigi) =

∑
λi.

A G-module M is simply a ZG-module M , in other terms is an
abelian group M together with an action of G on M . Every abelian
group M can have a trivial structure as G-module be defining ga = a,
for g ∈ G and a ∈ M ; in this situation we say that M is a trivial G-
module. In the theory that follows the case of interest will the integers
Z having this trivial structure as module.

2.2. Resolutions. Let R be a ring with identity. A resolution P of
a R-module M is an exact sequence of R-modules

P : · · · −→ F2 −→ F1 −→ F0 −→M −→ 0
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For a projective resolution P of M we call the sequence obtained
from P by deleting M

PM : · · · −→ P2 −→ P1
δ1−→ P0 −→ 0

a reduced projective resolution of M . Note that with PM we do
not loose information since M ∼= cokerδ1 and the reason for considering
PM is that it consists exclusively of projective modules.

If the modules Fi are free the resolution is called a free resolution
and if the modules are projective 2 the resolution is called a projective
resolution.

Proposition 2.5. Every R-module has a free resolution.

Proof. Recall that every R-module M is the quotient of a free
R-module (Theorem 2.35 in [14]) thus there is an exact sequence

0→M0
α0−→ F0

β0−→M → 0

where F0 is free (this sequence is called a free presentation of M).
Since M0 is a quotient of a free R-module, there is an exact sequence

0→M1
α1−→ F1

β1−→M0 → 0

with F1 free. In general, we obtain an exact sequence

0→Mn
αn−→ Fn

βn−→Mn−1 → 0

with Fn free. We define a sequence

· · · −→ Ln+1
δn+1−→ Ln

δn−→ Ln−1 −→ · · ·
where

Ln =


M, n = −1

Ln, n ≥ 0

0, n < −1

, δn =


β0, n = 0

αn−1 ◦ βn, n ≥ 0

0, n < 0

Finally, since α is injective and β epimorphism, it follows that

imδn+1 = imαn = ker βn = ker δn

2A module P is called projective if for every homomorphism f : P → N ′′ and
every epimorphism φ : N → N ′′ there exists h : P → N such that φ ◦ h = f :

P

f

��
h

}}
N

φ // N ′′ // 0
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and the sequence is exact. 2

The resolution constructed above is unique up to chain homotopy
equivalence. The proof of this fact involves the construction of the
chain maps and homotopies step by step (see Section I.7 in [4]). Since
every free module is projective one gets that every module has a
projective resolution.

The main interest on (projective and free) resolutions is in the case
of R = ZG and M = Z which reflects a quite natural topological
phenomenon as the following example shows.

Example 2.6. Let X be a CW-complex. The augmented cellular chain
complex C∗(X) of X is given by

· · · −→ C2(X) −→ C1(X) −→ C0(X)
ε−→ Z −→ 0,

where Ck(X) = Hk(X
k, Xk−1) is the free abelian group with one gener-

ator for each k-cell and ε is the augmentation homomorphism. If X is
a G-complex (that is G acts on X by permuting the cells) then G acts
on Ck(X), for every k. Thus C∗(X) is a chain complex of G-modules.

The CW-complex X is called a free G-complex if the action of G
is free; that is, G freely permutes the cells of X: gσ 6= σ,∀σ, g 6= 1.
In this case every Ck(X) has a Z-basis freely permuted by G and thus
Ck(X) is a free ZG-module with one basis element for every G-orbit
of cells. Finally recall that if X is a contractible CW-complex, then X
has the homology of a point and thus the sequence

· · · −→ C2(X) −→ C1(X) −→ C0(X)
ε−→ Z −→ 0,

is exact. Thus, we have proved the following

Proposition 2.7. If X is a contractible free G-complex, the aug-
mented cellular chain complex of X is a free resolution of Z over
the ring ZG.

Free G-complexes arises naturally in the theory of regular coverings
which we recall in the following subsection

Detour on regular coverings. Let p : Ỹ → Y be a covering
of connected and locally path-connected spaces. Recall that a deck
transformation of the covering p is a homeomorphism g : Ỹ → Ỹ such
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that p ◦ g = p. The set of deck transformations forms a group G which
acts freely on Ỹ .

The covering p is called regular if the image of the induced homo-
morphism p∗ : π1Ỹ → π1Y is normal in π1Y . Equivalently, the covering
is regular if G acts transitively on the fibers p−1(x), and thus Y = Ỹ /G.
For regular coverings one has G ∼= π1Y/π1Ỹ and if p is the univesal
covering (meaning Ỹ is simply connected) then one has G ∼= π1Y .

Now, if the covering p is regular and Y has a structure of CW-
complex, then Ỹ inherits a CW-structure where the group G of deck
transformations acts by permutation of cells, here the open cells of Ỹ
over an open cell σ of Y are the connected components of p−1(σ). Thus
Ỹ is a free G-complex and C∗(Ỹ ) is a complex of free ZG-modules with
one basis element for each cell of Y . With this in hand there is another
way to rephrase Proposition 2.7 above

Proposition 2.8. For a K(G, 1) space, the augmented cellular
chain complex of its universal cover is a free resolution of Z over
the ring ZG.

2.3. Two more examples. Consider the G = FS the free group gen-
erated by a set S and recall this is the fundamental group of the space
Y given by a wedge sum of copies of circles S1

s indexed by s ∈ S. The
space Y is a CW-complex of dimension 1 with one 0-cell (the vertex)
and one 1-cell for each element in S. By a dimension argument, note
that Y is a K(FS, 1) space.

As a basepoint of the universal cover Ỹ of Y let us consider a vertex
x0 which represents the unique G-orbit of vertices of Ỹ ; thus it gener-
ates the free ZG-module C0(Ỹ ). For a basis of C1(Ỹ ) we take, for each
s ∈ S, an oriented 1-cell es of Ỹ over the copy S1

s . Since the G-action
is free, one can consider the initial vertex of es is the basepoint x0 and
the final vertex of es is sx0 so that δes = sx0 − x0 = (s− 1)x0. In this
case the free resolution of Z is given by

0 −→ ZGS
δ−→ ZG ε−→ Z −→ 0

where ZGS is a free ZG-module with basis {es}, δes = s−1 and ε(g) =
1.

Consider the situation above with S = {τ}. Thus G is the infinite
cyclic group generated by τ with ZG = Z[τ, τ−1]. The resolution above
now has the form
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0 −→ Z[τ, τ−1]
δ−→ Z[τ, τ−1]

ε−→ Z −→ 0

where δ is given by multiplication by τ − 1 and ε
can be described as an evaluation map: f 7→ f(1),
for f(τ) ∈ Z[τ, τ−1]. Note that in this case, the
space Y is just a circle S1 and thus its universal
cover is the real line R, visualized as an helix in R3

as shown in the figure.

2.4. Periodic resolutions via actions on spheres. Consider a G-
complex X homeomorphic to an odd-dimensional sphere S2k−1. Its
cellular chain complex does not give a free resolution of Z as done
above since X is not contractible, neverthless its chain complex can be
used to construct one. Recall X has homology

Hq(X) =

{
Z, q = 0, 2k − 1

0, otherwise

The chain complex thus has the form

0 −→ Z −→ C2k−1(X) −→ · · · −→ C1(X) −→ C0(X)
ε−→ Z −→ 0,

where every Ci(X) is free and ε is the augmentation map. In order to
get the desired free resolution we must ”eliminate” the Z in position
2k by the following procedure:

· · · // C1
// C0

��

// C2k−1 // · · · // C0
// Z // 0

Z

<<

Note this resolution is periodic of length 2k and continues forever to
the left.

As a special case of the above consider the fi-
nite cyclic group of order n generated by τ G =
Z/nZ =< τ > acting by rotations on S1, (which
can be) considered as a CW-complex with n ver-
tices and n 1-cells as shown. The chain complex
has the form

0 −→ Z η−→ ZG τ−1−→ ZG ε−→ Z −→ 0,
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where the homomorphism η is given by

η(1) =
n−1∑
i=0

τ i = 1 + τ + τ 2 + · · ·+ τn−1 = N

and is called the norm element of ZG. The periodic free resolution
is

· · · N−→ ZG τ−1−→ ZG N−→ ZG τ−1−→ ZG ε−→ Z −→ 0,

Here the maps N, τ − 1 denote multiplication by N and τ − 1, respec-
tively.

This is the first example of the phenomenon of periodicity arising
from the free action of a group on a sphere, we will recall and generalize
this result in later sections.
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3. Derived functors

In order to have an algebraic definition for group (co)homology
we will recall here the theory of derived functors from which the
(co)homology of a group can be obtained by specializing on certain
functors Tor and Ext , whose definition and main properties are in the
next subsections.

Let R be a non necessarly commutative ring with unit. A (covariant
or contravariant) functor F : C → D is called additive if it preserves
the sum operation on morphism, that is, for every pair of morphisms
f, g in C, F (f + g) = F (f) + F (g).

Example 3.1. For R-modules N,M define the functors

−⊗N : M 7−→M ⊗N, M ⊗− : N 7−→M ⊗N

given by the tensor product of modules. Note this are additive covariant
functors.

Example 3.2. For R-modules N,M define the functors

Hom(−, N) : M 7−→ Hom(M,N), Hom(M,−) : N 7−→ Hom(M,N)

given by the tensor product of modules. Note this are additive con-
travariant functors.

Let F :MOD → AB be an additive covariant functor from the cat-
egory of modules on the category of abelian groups. The left derived
functor of F (of degree n) is the functor defined in each module M as

LnF (M) = Hn(F (PM)),

where PM is a reduced projective resolution of M . That is, for every co-
variant functor F we define a series of functors LnF (−) by considering
the resolution PM , applying F to this resolution and then considering
the homology of the resulting sequence. Thus, a left derived functor
measures the failure of the functor F of taking exact sequences to ex-
act sequence, that is, it measures the exactness of functor F . Two
properties of derived functors follows immediately from the definition:

• The functor LnF (M) does not depend on the reduced projective
resolution of M .
• For every n, LnF (−) :MOD → AB is an additive functor.
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As above we define the right derived functor of a contravariant
functor G (of degree n) as the functor defined by

RnG(M) = Hn(G(PM)),

where PM is a reduced projective resolution of M . This produces an
additive functor and its definition does not depend on the choosen
resolution.

In the next subsections we present the definition of two prominent
examples of derived functors that serve to define the (co)homology of
a group.

3.1. The Tor functor. Consider the additive covariant functor −⊗N ,
M an R-module and PM a reduced projective resolution of M . The
left derived functor of this is called the torsion functor of M and
N over R:

TorRn (M,N) = Ln(−⊗N)(M) = Hn(PM ⊗N)

That is, from the resolution PM we consider

PM ⊗N : · · · −→ P2 ⊗N −→ P1 ⊗N −→ P0 ⊗N −→ 0

and since this sequence is semi-exact we consider its homology mod-
ules.In the following we recall the main properties of the functor Tor.

Proposition 3.3. (1) The functor Tor depends on M,N and n
and does not depend on the chosen resolution.

(2) TorRn (−,−) is a covariant bifunctor on the category of R-
modules on itself.

(3) For a short exact sequence of modules N ′ ↪→ N ⇀ N ′′ there is
a long exact sequence

· · · // TorRn (M,N ′) // TorRn (M,N) // TorRn (M,N ′′) //

// TorRn−1(M,N ′) // · · · // TorR0 (M,N ′′) // 0

(4) For a short exact sequence of modules M ′ ↪→M ⇀M ′′ there is
a long exact sequence

· · · // TorRn (M ′, N) // TorRn (M,N) // TorRn (M ′′, N) //

// TorRn−1(M
′, N) // · · · // TorR0 (M ′′, N) // 0
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(5) For TorRn (−, N) we considered the functor − ⊗ N . If we con-
sider M⊗− for constructing TorRn (M,−) we obtain isomorphic
groups.

(6) TorR0 (M,N) ∼= M ⊗N (natural equivalence between functors)
(7) For a projective module P one has

TorRn (M,P ) = TorRn (P,N) = 0, ∀n ≥ 1

Consider an exact sequence 0 → L → M → N → 0 and apply the
functor −⊗D to obtain an exact sequence of abelian groups:

(1) L⊗R D −→M ⊗R D −→ N ⊗R D −→ 0.

By parts 3 and 6 of the Proposition 3.3 above we can extend this
sequence to the left in the following way

· · · // TorR2 (N,D) // TorR1 (L,D) // TorR1 (M,D) //

TorR1 (N,D) // L⊗D // M ⊗D // N ⊗D // 0

and thus TorR1 (N,D) measures the failure of extending the sequence 1
to an exact sequence. The following result clarifies the name for Tor.

Proposition 3.4. Let A,B be Z-modules and consider t(A), t(B)
their torsion submodules. Then one has TorZ1 (A,B) =
TorZ1 (t(A), t(B))

3.2. The Ext functor. Consider the contravariant additive functor
Hom(−, N), M an R-module and PM a reduced projective resolution.
The right derived functor is called the extension functor of M and
N over R.

ExtnR(M,N) = Rn(Hom(−, N))(M) = Hn(Hom(PM , N))

That is, from PM we consider the sequence

0 −→ Hom(P0, N) −→ Hom(P1, N) −→ · · · −→ Hom(N,Pn) −→ · · ·
and take its cohomology.

As in the case of the torsion functor note that in the left side, there is
no reference to the resolution PM and the reason is that the definition
above does not depend on it: if we change the resolution, we obtain
isomorphic Ext groups. (In order to prove this one needs to compare
resolutions and in this part one uses that projective modules can be
used to lift homomorphisms. See Proposition 4, Section 17.1 of [5])
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Proposition 3.5. (1) ExtnR(−,−) is a bifunctor from the category
of R-modules into itself; it is contravariant on the first coordi-
nate and covariant on the second

(2) For a short exact sequence of modules N ′ ↪→ N ⇀ N ′′ there is
a long exact sequence

0 // Ext0R(M,N ′) // Ext0R(M,N) // Ext0R(M,N ′′) //

· · · // ExtnR(M,N ′) // ExtnR(M,N) // ExtnR(M,N ′′) // · · ·

(3) For a short exact sequence of modules M ′ ↪→M ⇀M ′′ there is
a long exact sequence

0 // Ext0R(M ′′, N) // Ext0R(M,N) // Ext0R(M ′, N) //

· · · // ExtnR(M ′′, N) // ExtnR(M,N) // ExtnR(M ′, N) // · · ·

(4) Ext0R(M,N) ∼= HomR(M,N)
(5) ExtnR(P,N) = 0, for every projective module P .

Recall that a short exact sequence 0→ L→M → N → 0 gives rise
to an exact sequence of abelian groups

(2) 0 −→ HomR(N,D) −→ HomR(M,D) −→ HomR(L,D).

In general the homomorphism on the right is not surjective and thus the
sequence above cannot always be extended to a short exact sequence.
By parts 3 and 4 of the Proposition 3.5 above one has an exact sequence

0 // HomR(N,D) // HomR(M,D) // HomR(L,D) //

// Ext1R(N,D) // Ext1R(M,D) // Ext1R(L,D) // · · ·

and thus Ext1R(N,D) measures the failure of the sequence 2 above to be
extended to an exact sequence. In particular, if Ext1R(N,D) = 0 for all
R-modules N then the sequence 2 is always exact on the right. Finally,
we consider a result that justifies the terminology for the functor Ext.

Proposition 3.6. Let N,L be R-modules. Then there is a bi-
jection between Ext1R(N,L) and the set of equivalence classes of
extension of N by L.
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This result will be considered in the next section when we define the
cohomology of a group in terms on the Ext groups.
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4. Group cohomology

Let PZ be a reduced projective resolution of Z over the group ring
ZG. For a G-module N we define the homology of G in dimension
n with coefficients in N as 3

Hn(G;N) = TorZGn (Z, N)

In the same fashion we define the cohomology of G in dimension
n and coefficients in N as

Hn(G;N) = ExtnZG(Z, N)

In both definitions Z is considered as a trivialG-module and the module
N is called the coefficient module. By the properties of Tor and Ext
described in the last section we see that both Hn, H

n are both covariant
functors on the coefficients module: for homomorphism f : N → N ′

there are induced homomorphisms

Hn(G;N) −→ Hn(G;N ′), Hn(G;N) −→ Hn(G;N ′)

Also from the definition it follows that Hn is a contravariant functor
and Hn covariant: for a group homomorphism φ : G → G′ there are
induced homomorphisms

Hn(G;N) −→ Hn(G′;N), Hn(G′;N) −→ Hn(G;N)

for a G-module N .

Before we go further on the properties of group (co)homology we
consider the definition of Hn(G), Hn(G) from an Eilenberg-MacLane
spaces and we will prove the following

Theorem 4.1. There are canonical isomorphisms

Hn(G,R) = Hn(K(G, 1), R),

Hn(G,R) = Hn(K(G, 1), R)

This is Theorem 2.2.3 in [3] and we will follow that proof based
mainly on Proposition 2.8 on Section 3 but considering the bifunctors
Ext and Tor.

Proof. Consider a CW-complex X = K(G, 1), X̃ its universal cover
and the group G acting on X by permuting the cells. Thus Galso acts

3In fact this definition corresponds to a left module N but we assume all modules
involved have both left and right actions, that is the case when one considers the
group ring ZG via the automorphism g 7→ g−1 and setting mg = g−1m.
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on X̃ by permuting the cells and its associated cellular chain complex
C∗(X̃;R) is an exact sequence of free G-modules since X̃ is contractible.
We finally get a free resolution of R as an G-module by considering the
augmentation map ε:

· · · → Cn(X̃;R)→ · · ·C1(X̃;R)→ C0(X̃;R)
ε−→ R→ 0

Note Ci(X̃;R)⊗G R ∼= Ci(X;R) and thus one has:

Hi(G,R) = TorZGi (R,R) ∼= Hi(X,R).

In a similar way, considering the functor Hom one has that
HomZG(Ci(X̃, R), R) ∼= HomR(Ci(X;R), R) = Ci(X;R) and so

H i(G,R) = ExtiZG(R,R) ∼= H i(X,R). 2

In the case of the definition given in terms of the classifying space
BG we use the theorem above and Theorem 2.4.11 part i) in [3].

As it happens with topological spaces only basic calculations can
be made direct from the definition of cohomology. Instead one better
looks for general properties of the group (co)homology and used them
in practice. In what follows we will recall these properties.

• For a short exact sequence of G-modules N ′ ↪→ N ⇀ N ′′

and every n > 0 there is a connecting homomorphism
δ : Hn(G,N ′′) → Hn−1(G,N

′) such that there is a long exact
sequence in homology

· · · → Hn(G,N ′)→ Hn(G,N)→ Hn(G,N ′′)
δ−→ Hn−1(G,N

′)→ · · ·

· · · → H1(G;N ′′)
δ−→ H0(G,N

′)→ H0(G,N)→ H0(G,N
′′)→ 0

• For a short exact sequence of G-modules N ′ ↪→ N ⇀ N ′′

and every n > 0 there is a connecting homomorphism
δ : Hn(G,N ′′) → Hn+1(G,N ′) such that there is a long ex-
act sequence in cohomology

0→ H0(G;N ′)→ H0(G;N)→ H0(G;N ′′)
δ−→ H1(G,N ′)→ · · ·

· · · → Hn(G;N ′)→ Hn(G,N)→ Hn(G,N ′′)
δ−→ Hn+1(G,N ′)→ · · ·

• Define the invariant subgroup NG of the G-module N as

NG = {n ∈ N | gn = n,∀g ∈ G, n ∈ N}
It is not hard to proof that NG is the maximal submod-
ule of N where G acts trivially. There is an identifica-

tion H0(G;N) = NG arising from the isomorphism NG ∼=
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HomZG(Z, N). Thus, if N is a trivial G-module, one has
H0(G;N) = N .
• Define the coinvariants NG of the G-module N as

NG = N/ < {gn− n | g ∈ G, n ∈ N} >

Here NG is the largest quotient module of N having a trivial
action of G and we have the isomorphism NG

∼= Z ⊗ N . Thus

there is an identification H0(G;N) = NG . If the G-action on

N is trivial, one has H0(G;N) = N .
• The group H1(G;N) can be identified with N ⊗G/[G,G] (Sec-

tion VI.4 of [7]), where [G,G] is the submodule generated by
all the elements x−1y−1xy (the commutator subgroup of G).
From this one gets the isomorphism

H1(G;Z) ∼= G/[G,G] = Gab,

where Z is considered as a trivial G-module.
• For cohomology one has

H1(G;N) ∼= Hom(H1(G;Z), N)

• An extension of G by a module A is an exact sequence
A ↪→ E ⇀ G. Two such extensions are called equivalent
if there is an isomorphism φ such that the following diagram
commutes

A // E

φ
��

// G

A // E ′ // G

It turns out that if E(G,A) denotes the set of equivalence classes
of extensions of G by A, then there is a 1-1 correspondence
between E(G,A) and H2(G,A).

4.1. The cup product. Let G,G′ be groups, M an G-module, M ′ an
G′-module and P ,P ′ projective resolutions of Z over the group ring
ZG. It is possible to construct maps

(P ⊗M)⊗ (P ′ ⊗M ′) −→ (P ⊗ P ′)⊗ (M ⊗M ′)

(here the tensor product on the right is defined over G×G′) and

Hom(P ,M)⊗ Hom(P ′,M ′) −→ Hom(P ⊗ P ′,M ⊗M ′)
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where the Hom functor on the right is taken over G×G′ (see Chapter
5 in [4] and/or Chapter 6 in [16]). From these maps we obtain

Hp(G,M)⊗Hq(G
′,M ′)→ Hp+q(G×G′,M ⊗M ′),

Hp(G,M)⊗Hq(G′,M ′)→ Hp+q(G×G′,M ⊗M ′)

called the homology and cohomology cross-product, respectively.
These products are called external products since they involve the
three groups G,G′, G×G′. In what follows we concentrate on the case
G = G′, in such case the products above are called internal.

Consider the diagonal map d : G → G × G and compose the coho-
mology cross-product above with the induced homomorphism on coho-
mology d∗ to get the cup product:

Hp(G,M)⊗Hq(G,M ′)→ Hp+q(G,M ⊗M ′), u⊗ v 7−→ d∗(u× v)

The cup product of u and v is denoted by u∪ v or simply uv. In what
follows we will list some of the properties of the cup product

(1) By the properties mentioned on the last section in dimension 0
the cup product

H0(G;M)⊗H0(G;N) −→ H0(G;M ⊗N)

is given by the map MG⊗NG → (M ⊗N)G, that it is induced
by the inclusions MG →M, NG → N .

(2) Let f : M →M ′, g : N → N ′ be homomorphisms ofG-modules.
For elements u ∈ H∗(G;M), v ∈ H∗(G;N) one has

(f ⊗ g)∗(u ∪ v) = f∗u ∪ g∗v ∈ H∗(G;M ′ ⊗N ′),
where f∗ stands for the induced homomorphism on the coeffi-
cients module.

(3) Let 0 → M ′ → M → M ′′ → 0 a short exact sequence of G-
modules and let N be a module such that 0 → M ′ ⊗ N →
M ⊗ N → M ′′ ⊗ N → 0 is exact. Then the cup product is
compatible with the connecting homomorphism δ in the sense
that the following diagram commutes

Hp(G;M ′′)
δ //

��

Hp+1(G;M ′)

��
Hp+q(G;M ′′ ⊗N)

δ // Hp+q+1(G;M ′ ⊗N)

where vertical maps are −∪ v the cup product with v. In other
words, one has δ(u ∪ v) = δu ∪ v, for u ∈ Hp(G;M ′′) and
v ∈ Hq(G;N). See Section V.3 of [4].
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(4) The element 1 ∈ H0(G,Z) = Z satisfies

1 ∪ u = u = u ∪ 1

for all u ∈ H∗(G,M). (Implicity one needs the identification
Z⊗M = M = M ⊗ Z.)

(5) Consider ui ∈ H∗(G,Mi), for i = 1, 2, 3. Then one has

(u1 ∪ u2) ∪ u3 = u1 ∪ (u2 ∪ u3) ∈ H∗(G,M1 ⊗M2 ⊗M3)

(6) For elements u ∈ Hp(G,M), v ∈ Hq(G,N) one has

u ∪ v = (−1)pqt∗(v ∪ u) ∈ Hp+q(G,M ⊗N)

where t∗ is the induced homomorphism by t : N⊗M →M⊗N ,
n⊗m 7→ m⊗ n.

All the properties above prove the following

Proposition 4.2. H∗(G;Z) is an anti-commutative graded ring
and H∗(G,M) is a graded module over H∗(G;Z), for every G-
module M .

Moreover, if k denotes a commutative ring (with the trivial G-action)
then the cup product makes H∗(G, k) a graded anti-commutative k-
algebra.

4.2. More on free actions on spheres. Recall from Section 2.4 that
if a finite group G acts freely on a odd-dimensional sphere S2k−1 then
there is a periodic resolution of Z of period 2k. Considering this reso-
lution we find that there is an iterated coboundary map

d : H i(G,M) −→ H i+2k(G,M)

which is an isomorphism for i > 1 and an epimorphism for i = 1,
for any G-module M . Moreover, by the properties of the cup product
d(w ∪ v) = d(w) ∪ v, for any w ∈ H∗(G,Z) and v ∈ H∗(G,M). For
w = 1 this implies that

d(v) = u ∪ v
for a certain class u ∈ H2k(G,Z). This will be called the periodicity
isomorphism when we define periodic cohomology in next section.
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5. Groups with periodic cohomology

Tate’s cohomology theory is a way to obtain a cohomology theory
that packs both homology and cohomology of a finite group into a single

functor Ĥ∗(G) that it is constructed by gluing the groups H0(G) and
H0(G) via complete resolutions which are resolutions with indices
in Z rather than in N. The following shows this procedure

· · · H2 H1 H̃0 H̃0 H1 H2 · · ·

· · · Ĥ−3 Ĥ−2 Ĥ−1 Ĥ0 Ĥ1 Ĥ2 · · ·

where H̃0 ⊂ H0 and H̃0 is certain quotient of H0. The theory Ĥ∗ can
also be described axiomatically but we will not give that description
here (see [4], Chapter 6). For the purposes of the present notes it
is enough to know that there is a cohomological group theory that
”generalizes” both homology and cohomology of a group in the sense
of the isomorphisms{

Ĥk(G) ∼= Hk(G), k = 1, 2, 3, . . .

Ĥk(G) ∼= H−(k+1)(G), k = −1,−2,−3, . . .

Also, the importance of Tate cohomology is the existence of invertible
cohomological classes of positive degree, which is something we can-
not have in ordinary group cohomology. The existence of invertible
elements gives rise to the phenomenon of cohomological periodicity.

A finite group G is said to be periodic or to have periodic coho-
mology if for some d 6= 0 there exists u ∈ Ĥd(G,Z) which is invertible

in the ring Ĥ∗(G,Z). The existence of this element gives rise to the
periodicity isomorphism

Ĥn(G,Z)
∼=−→ Ĥn+d(G,Z)

via the cup product. The number d is called the period of G.

It is obvious that for periodic groups the task of computing their
cohomology is enormously simplified, thus one looks for conditions on
a group for having periodic cohomology. One condition is immediate:
if a group admits a periodic resolution then it has periodic cohomol-
ogy. This is the case for the finite cylic group Z/nZ via the resolution
obtained in Section 2.4. The property of having periodic cohomology
can be stated in different ways as the following proposition shows
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Proposition 5.1 ([4]). The following conditions are equivalent

(1) G has periodic cohomology

(2) There exists integers n, d 6= 0 such that Ĥn(G,M) ∼=
Ĥn+d(G,M), for all G-modules M .

(3) For some d 6= 0, Ĥd(G,Z) ∼= Z/|G|Z
(4) For some d 6= 0, Ĥd(G,Z) contains an element u or order
|G|.

5.1. Periodicity via actions on spheres. Recall in Section 2.4 it
was shown when a group G acts on S1 then it has a periodic resolution
and thus periodic cohomology. This result can be generalized as follows

Proposition 5.2. Let G be acting freely and orientation-
preserving on a sphere Sn−1. Then G has periodic cohomology of
period n.

The proof of this result follows as in Section 2.4: the G-action pro-
duces a periodic resolution from which one obtains periodic cohomol-
ogy. An alternative proof can be obtained as follows: from the G-action
one has a fibration

Sn−1 −→ Sn−1/G −→ BG

whose spectral sequence in cohomology converges to H∗(Sn−1/G).
Since G acts orientation-preserving on Sn−1 (considered as a free G-
complex) we can check that G acts trivially on H∗(S

n−1), H∗(Sn−1) (by
applying the Lefschetz Fixed-Point Theorem). Thus, in the E2-term

Ei,j
2 = H i(BG,Hj(Sn−1)) ∼= H i(G,Hj(Sn−1))

one has a trivial G-action on the module of coefficients (in this case
one also says that the system of local coefficients is trivial). The
E2-term of the spectral sequence has only two non-trivial rows and thus
a unique differential

dn : Ei,n−1
2

∼= H i(G,Z) −→ Ei+n,0
2

∼= H i+n(G,Z)

One finally proves dn is the periodicity isomorphism of G by considering
that the target H∗(Sn−1/G) has trivial cohomology for ∗ > n−1, since
the quotient Sn−1/G is (n− 1)-dimensional. See [1] for more details.

In what follows we will review the construction of quaternionic num-
bers in order to talk about the topological group S3 and some of its
subgroups.



26 MIGUEL A. MALDONADO

5.1.1. Subgroups of S3. Let C denote the set of complex numbers. The
quaternions H are formed as the pairs C ⊕ C of complex numbers
with multiplication given by the formula

(z1 + z2j) · (z3 + z4j) = (z1z3 − z2z4) + (z1z4 + z2z3)j,

where z is the conjugation of z and j is an imaginary unit (j2 = −1).
This multiplication is associative and has as identity the element 1 =
1 + 0j. For a quaternion α = z1 + z2j one define the conjugation
map as

ω : H −→ H, ω(α) = z1 − z2j,
This map has the following properties: for any α ∈ H

• αω(α) = ω(α)α
• αω(α) is contained in the center of H, which is R.
• ω(αβ) = ω(α)ω(β).

The norm map is defined as

N : H −→ R>0 N(α) = ω(α)α

It is easy to note that this defines a homomorphism N : H\{0} → R
and the subgroup N−1(1) of unit quaternions is identified with S3, the
3-sphere. Moreover, one can construct a map ϕ : S3 → SO(3) with
kernel Z2 (See [1], Section 1.2). That is, one has an extension

Z2 −→ S3 ϕ−→ SO(3)

More extensions can be constructed from this by applying the following

Lemma 5.3. Let N → G
ϕ−→ G/N be a given extension with

N finite. For a subgroup V ⊂ G/N there is an extension N →
ϕ−1(V ) → V . If V is finite so is ϕ−1(V ) ⊂ G and |ϕ−1(V )| =
|N ||V |.

From this lemma one gets the following family of subgroups of S3:

(1) Let

α =

 1 0 0
0 cos(θ) − sin(θ)
0 sin(θ) cos(θ)

 , β =

 −1 0 0
0 1 0
0 0 −1


with θ = 2π/n, for some integer n. The subgroup generated by
α, β is the dihedral group D2n of order 2n (This group can also
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be considered as the group of symmetries of a n-gon). The gen-
eralized quaternion group is the pre-image Q4n = ϕ−1(D2n)
and one has

Z2 → Q4n → D2n

For n = 2, one has the quaternion extension Z2 → Q8 →
Z2 × Z2.

(2) The tetrahedral group T is the group of rotations of a regu-
lar tetrahedron; it has order 12 and is isomorphic to A4. The
binary tetrahedral group is T ∗ = ϕ−1(T ) and thus one has

Z2 −→ T ∗ −→ T

(3) The octahedral group O is the group of rotations of a regular
octahedron; it has order 24 and is isomorphic to Σ4. The bi-
nary octahedral group is O∗ = ϕ−1(O) and thus there is an
extension:

Z2 −→ O∗ −→ O

(4) The icosahedral group I is the group of rotations of a regular
icosahedron; it has order 60 and is isomorphic to A5. The bi-
nary icosahedral group is I∗ = ϕ−1(I) and thus there is an
extension:

Z2 −→ I∗ −→ I

Since S3 is a continuous group, all these subgroups act freely on S3

and thus all have periodic cohomology of period 4.

Lemma 5.4. Generalized quaternions, binary tetrahedral, binary
octahedral and binary icosahedral all have periodic cohomology.

A different approach for this result is given in Example 2, p. 155 of
[4] where all these groups are shown to have periodic cohomology of
period 4 by means of a free action on certain even-dimensional vector
space.

The converse of the Proposition 5.2 above is not true: there are
groups with periodic cohomology that do not act freely on any sphere.
One example is the symmetric group Σ3 on 3 letters whose cohomology
is given next (see [1], p. 147 for details)

H∗(Σ3,Z) =


Z, i = 0

Z/2, i = 2(mod 4)

Z/6, i = 0(mod 4)

0, i odd
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One can also prove that this group does not have periodic cohomol-
ogy by showing it cannot act freely on any sphere. This can be obtained
by the following generalization of the Borsuk-Ulam theorem due to J.
Milnor

Theorem 5.5 ([12]). Let n > 0 and let T : Sn → Sn be a
continuous map without fixed points such that T ◦T = 1Sn. Then,
for every continuous map f : Sn → Sn of odd degree there exists
x ∈ Sn with

T ◦ f(x) = f ◦ T (x)

(Note when the map T is the antipodal map the theorem above is
simply the Borsuk-Ulam).

From this result it follows that any finite group acting freely on a
sphere can contain at most one element of order 2 ([11]) and thus the
symmetric group Σn cannot act freely on a sphere if n ≥ 3 since every
transposition is an element of order 2.

5.2. Periodicity detected by subgroups. In this final section we
will see that the property of having periodic cohomology can be stated
in terms of the presence of certain subgroups. First, it is worth noting
that if a group G has periodic cohomology then any of its subgroups
also has periodic cohomology since via the inclusion H ⊂ G the in-
duced map H∗(G,Z) → H∗(H,Z) is a ring homomorphism that takes
invertible elements into invertible elements.

The next example shows that in general the property of having pe-
riodic cohomology is not invariant under products

Example 5.6. Let p any prime and recall from the introduction that if
p is odd, then H∗(Zp) = Λ(x)⊗ Fp[y] and for p = 2 one has H∗(Z2) =
F2[x]. Also recall that the classifying space for a product of groups
G × H is the product of the associated classifying spaces BG × BH,
thus one has

H∗((Zp)n;Fp) =

{
Fp[x1, x2, . . . , xn], p = 2

Λ(x1, x2, . . . , xn)⊗ Fp[y1, y2, . . . , yn], p odd

where |xi| = 1, |yj| = 2, for all i, j. In particular, this shows that the
cohomology of the product (Zp)n is not periodic. One can also consider
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the homology of Zn × Zn, for n ∈ N, via the Kunneth formula

Hk(G×G′,M) ∼=
⊕
p+q=k

Hp(G,M)⊗Hq(G
′,M)

⊗ ⊕
p+q=k−1

Tor1(Hp(G,M), Hq(G
′,M))

to obtain
Hk(Zn × Zn;Z) ∼=

⊕
k/2+1

Zn

which shows the homology of Zn×Zn is not periodic. Finally, with the

identification of Ĥk(G) ∼= H−(k+1)(G) one has that the product Zn×Zn
does not have periodic Tate cohomology. See [11], Section 1.9.

We will finish the present notes by noting that the presence of cer-
tain subgroups determines the periodicity of a group as the following
theorem shows.

Theorem 5.7 (Theorem 9.5 in [4]). The following conditions are
equivalent for a finite group G:

(1) G has periodic cohomology
(2) Every abelian subgroup of G is cyclic
(3) Every elementary abelian p-subgroup of G has rank ≤ 1.
(4) The Sylow subgroups of G are cyclic or generalized quater-

nion groups.

In particular, this theorems says that if a certain group G contains
(a copy of) Zp × Zp, for a prime p, then G does not have periodic
cohomology. Thus, in practical situations, when one tries to prove that
a certain group G has periodic cohomology one looks at its abelian
subgroups.

Miguel A. Maldonado
Laboratoire de Mathématiques Nicolas Oresme,
Université de Caen Basse-Normandie.
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